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Abstract

In this paper, we obtain a non-abelian analogue of Lubkin’s embedding theorem
for abelian categories. Our theorem faithfully embeds any small regular Mal’tsev
category C in an n-th power of a particular locally finitely presentable regular Mal’tsev
category. The embedding preserves and reflects finite limits, isomorphisms and regular
epimorphisms, as in the case of Barr’s embedding theorem for regular categories.
Furthermore, we show that we can take n to be the (cardinal) number of subobjects
of the terminal object in C.
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1 Introduction

One of the most famous results in category theory might be the Yoneda lemma and as a
corollary, the Yoneda embedding. As we know, for every small category C, it constructs
a fully faithful embedding C — Set®” which preserves limits. Therefore, for some type
of statements about limits, one only needs to produce the proof in Set to get the result in
any category. One can thus say that the category Set of sets ‘represents’ all categories.

Moreover, Set also represents regular categories (i.e., finitely complete categories with
coequalisers of kernel pairs and pullback stable regular epimorphisms [2]). Indeed, Barr’s
embedding theorem [3] enables us to restrict to Set the proof of some statements about
finite limits and regular epimorphisms in regular categories. Note that the key ingredients
of regularity are precisely about finite limits and regular epimorphisms. In the same way,
a wide range of statements about finite limits and finite colimits in abelian categories can
be restricted to Ab, the category of abelian groups [17, 11, 20].

Whereas abelian categories do not cover important algebraic examples such as the
categories of groups or rings, the notion of a regular category is in some sense too general
because every (quasi)-variety of universal algebras is a regular category. Therefore, one
needs some intermediate classes of categories to study the categorical properties of groups.
To achieve this, regular Mal’tsev categories have been introduced in [8] as regular categories
in which the composition of equivalence relations is commutative. This is equivalent to the
property that every reflexive relation is an equivalence [8]|. This condition is equivalent in
the more general context of finitely complete categories to the condition that each relation
is difunctional; and this is the property that defines Mal’tsev categories in this context [9].
Their name comes from the mathematician Mal’tsev who characterised [19] (one-sorted
finitary) algebraic categories in which this property holds as the ones whose corresponding
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theory admits a ternary term p(x,y, z) satisfying the identities p(x,y,y) = © = p(y, y, ©).
These characterisations are recalled in Section 2.

The aim of this paper is to prove an embedding theorem for regular Mal’tsev categories.
The ‘representing category’ will be the category of models of a finitary essentially algebraic
theory (i.e., a locally finitely presentable category [12, 1]). As in the algebraic case, objects
in such categories are given by an S-sorted set A (i.e., an object in Set¥, for a set S
of sorts) endowed with finitary operations A, X --- x Ay, — Ay satisfying some given
equations. The difference is that some of these operations can be only partially defined
(and defined exactly for those n-tuples satisfying some given equations involving totally
defined operations). We recall this concept in Section 3. We also characterise there those
categories of models which are regular and those that are Mal'tsev (via a ternary Mal’tsev
term as in the varietal case, see Theorem 3.4). We then construct the ‘representing’ regular
Mal’tsev category Mod(T'y1a1) using those characterisations.

Section 4 is devoted to the proof of our embedding Theorem 4.4: every small regular
Mal’tsev category C admits a faithful embedding into Mod(FMal)SUb(l) which preserves and
reflects finite limits, isomorphisms and regular epimorphisms. Here, Sub(1) denotes the
set of subobjects of the terminal object 1 in C. This proof uses three main ingredients: ap-
proximate Mal’tsev co-operations (introduced in [7] and recalled in Section 2), the Yoneda
embedding C — Lex(C, Set)°? (which lifts the property of being regular Mal’tsev from C
to Lex(C, Set)°P, see Proposition 4.3) and a C-projective covering of Lex(C, Set)°P [3, 14].
We can notice that, with this technique, we could also have embedded each small regular
Mal’tsev category in a power of the category of approximate Mal’tsev algebras. These
are pairs of sets A, B together with two operations p: A*> — B, a: A — B satisfying the
axioms p(z,y,y) = a(z) = p(y,y,x). However, this category is not a Mal’tsev category
and therefore we have had to refine this argument considering the essentially algebraic
category Mod(I"ya1), which is a regular Mal’tsev category.

Due to this embedding theorem, one can reduce the proof of some propositions about
finite limits and regular epimorphisms in a regular Mal’tsev category to the particular case
of Mod(I'ppa1). One is then allowed to use elements and (approximate) Mal'tsev operations
to prove some statements in a regular Mal’tsev context. An example of such an application
is given in Section 5. Note that our embedding is not full, but it reflects isomorphisms,
which is enough for such applications. Indeed, fullness of an embedding C < MP is not
helpful when we look at the components evp: MF — M (which is what we do when we
reduce a proof to M).
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2 Regular Mal’tsev categories

A regular category is a finitely complete category with coequalisers of kernel pairs and
pullback stable regular epimorphisms |2]. They admits a (regular epi, mono)-factorisation
system (i.e., a factorisation system (£, M) where & is the class of all regular epimorphisms
and M is the class of all monomorphisms). Moreover, in such categories, two relations
R— X xY and S »— Y x Z can be composed to form a relation S o R » X x Z. This
gives rise to the so called ‘calculus of relations’.
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In this context of regular categories, Mal’tsev categories were introduced in [8]. Two
years later, in [9], the authors enlarged this notion of a Mal’tsev category in the context
of finitely complete categories.

Definition 2.1. [9] A finitely complete category C is a Mal’tsev category if every reflexive
relation r: R — X x X is an equivalence relation.

In order to recall some well-known characterisations of Mal’tsev categories, we first
need to recall what are difunctional relations.

Definition 2.2. [9] A difunctional relation in a finitely complete category C is an internal
relation r = (r1,72): R — X x Y such that, when we consider the following diagram where
both squares are pullbacks and tw the twisting isomorphism,

§ P

RxR——YxX—XXxY<~—RXR
ro X117 tw 71 X129

the canonical monomorphism S N7T »— T is an isomorphism.

In the category Set of sets (or any algebraic category), a relation R C X X Y is
difunctional if it satisfies
(xRy NxRy N a'Ry') = 2’ Ry

forall z,2’ € X and y,y € Y.

Theorem 2.3. [9] Let C be a finitely complete category. The following statements are
equivalent.

1. C is a Mal’tsev category.
2. Any reflexive relation in C is symmetric.
3. Any reflexive relation in C is transitive.
4. Any relation r: R — X x Y is difunctional.
5. Any relation r: R — X x X is difunctional.
In a regular context, we have even more characterisations.
Theorem 2.4. [8] Let C be a regular category. The following statements are equivalent.
1. Cis a Mal’tsev category.

2. The composite of two equivalence relations on the same object is an equivalence
relation.

3. If R and S are equivalence relations on the same object, then Ro S = S o R.

4. For every reflexive graph,
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the pullback of (d, c) along (¢, d) is a regular epimorphism.

P G

_
o e
G——=XxX

(c,d)

The name of Mal’tsev categories comes from the following result of A.I. Mal’tsev.

Theorem 2.5. [19] Let 7 be a finitary one-sorted algebraic theory. Then, the category of
T-algebras Algs is a Mal'tsev category if and only if 7 contains a ternary term p(x,y, 2)
satisfying the identities

p(z,y,y) =z = py,y, ).

Finally, we will need one more characterisation of Mal’tsev categories in a regular
context. In [7], the authors define an approzimate Mal’tsev co-operation on X (for an
object X in a finitely complete category with binary coproducts) as a morphism p: ¥ — 3X
together with an approzimation a: Y — X such that the square

y 2 .3Xx

L1 L1
R
X — (2X)?

(t1,e2)

commutes. For each object X, one can build the universal approrimate Mal’tsev co-
operation (pX,aX) on X by considering the following pullback.

X

M(X)—2—=3

X
| 1L
o (%)
X —— (2X)?
(e1:t2)
Theorem 2.6 (Theorem 4.2 in [7]). Let C be a regular category with binary coproducts.
The following statements are equivalent:

1. Cis a Mal’tsev category.

2. For each X € C, there is an approximate Mal'tsev co-operation on X for which the
approximation a is a regular epimorphism.

3. For each X € C, the universal approximate Mal’tsev co-operation on X is such that

the approximation a* is a regular epimorphism.

3 Finitary essentially algebraic categories

A locally finitely presentable category is a cocomplete category which has a strong set of
generators formed by finitely presentable objects. We know from [12] that locally finitely
presentable categories are, up to equivalence, exactly the categories of the form Lex(C, Set)
for a small finitely complete category C (i.e., the category of finite limit preserving functors
from C to Set). Moreover, they have been further characterised as ‘finitary essentially
algebraic categories’.
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3.1 Essentially algebraic theories and their models

An essentially algebraic category is, roughly speaking, a category of (many-sorted) al-
gebraic structures with partial operations. The domains of definition of these partial
operations are themselves defined as the solution sets of some totally defined equations.
More precisely, an essentially algebraic theory is a quintuple I' = (S, %, E, ¥4, Def)
where S is a set (the set of sorts), 3 is an S-sorted signature of algebras, F is a set of -
equations, >y C X is the subset of ‘total operation symbols’ and Def is a function assigning
to each operation symbol o: [[;c;si — s in X\ X; a set Def(o) of ¥s-equations in the
variables x; of sort s; (i € I).
A model A of an essentially algebraic theory I' is an S-sorted set (As)ses € Set”®
together with, for each operation symbol o: [[;c;si — s in X, a partial function
ol HA& — A
el

such that:
o for each o € ¥, 04 is defined everywhere,

o for each o: [[;c; 8 — sin ¥\ X; and any (a; € A, )ier, 04((a;)ier) is defined if and
only if the elements a;’s satisfy the equations of Def(o) in A,

e A satisfies the equations of F wherever they are defined.

If A and B are two ['-models, a homomorphism f: A — B of models is an S-sorted
function (fs: As — Bs)ses such that, for each o: [[,c;si — s in ¥ and any (a; € Ay, )ier
such that o4 ((a;)icr) is defined,

Fs(o4(ai)ier) = 0P ((fs,(ai))ien)- (1)

Notice that if (1) holds for all o € %, then, for each o’ € ¥\ Xy, o'B((fs,(ai))icr) is defined
if o’4((a;)ier) is, while the converse does not hold in general. The category of I'-models
and their homomorphisms is denoted by Mod(I"). A category which is equivalent to some
model category Mod(T") for an essentially algebraic theory T is called essentially algebraic.

If all arities of 3 are finite, if each equation of E and of all Def(o)’s uses only a
finite number of variables and if all sets Def(o)’s are also finite, T' is called a finitary
essentially algebraic theory. A category which is equivalent to some category Mod(I") for a
finitary essentially algebraic theory I is called a finitary essentially algebraic category. As
mentioned above, they are exactly the locally finitely presentable categories.

Theorem 3.1. [12, 1] A category is locally finitely presentable if and only if it is a finitary
essentially algebraic category.

The basic examples of finitary essentially algebraic categories are finitary (many-sorted)
quasi-varieties and so in particular finitary (many-sorted) varieties. The category Cat of
small categories is also finitary essentially algebraic.

Let us now focus our attention to the forgetful functor U: Mod(T') — Set® for a fini-
tary essentially algebraic theory I'. As expected, we can easily prove that U creates small
limits so that they exists in Mod(I") and are computed in each sort as in Set. Moreover,
U preserves and reflects monomorphisms and isomorphisms. Thus a homomorphism of
I-models is a monomorphism (resp. an isomorphism) if and only if it is injective (resp. bi-
jective) in each sort. In view of Theorem 3.1, Mod(T") is also cocomplete, but colimits
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are generally harder to describe. In addition, we do not have an easy characterisation of
regular epimorphisms and Mod(I") is in general not regular.

We are now going to describe a left adjoint for the forgetful functor U : Mod(T") — Set”®.
In order to do so, we refer the reader to [1] for the definition of terms in ¥ in the variables
of an S-sorted set X. By abuse of notation, by a (finitary) term 7: [, s; — s of X,
we mean a term of X of sort s over the S-sorted set X which contains exactly one formal
symbol x; of sort s; for each 1 < i < n. Since Mod(I") is cocomplete, U has a left adjoint
as long as a reflection of those finite S-sorted sets X along U exists. Let us describe
it. If 7,7": [[inysi — s are two terms of X, we say that 7 = 7/ is a theorem of T if

7(a1,...,a,) = 7'(a1,...,ay,) holds in any I'-model A and for any interpretation of the
variables of X in A (i.e., S-sorted function X — U(A)) such that both 7(a1,...,a,) and
7'(a1,...,a,) are defined. Then, we define the set of everywhere-defined terms [}, s; — s

as the smallest subset of the set of terms of ¥ in the variables of X such that:

e for each element zj, € X, , the k-th projection [[1"_; s; — si is an everywhere-defined
term,

o if (15: [I'uysi = $7)jeq1,..,m} are everywhere-defined terms and o: | s — s
is an operation symbol of ¥ such that, either o € ¥; or 0 € ¥\ ¥; and, for each
equation (p, ') of Def(c), pu(ri,...,m) = W (71,...,7) is a theorem of T', then
o(T1,...,mn): [y si = s is everywhere-defined.

Now, Fr(X); is the set of equivalence classes of everywhere-defined terms 7: [[i;s; — s
of 3, where we identify the terms 7 and 7’ if and only if 7 = 7/ is a theorem of I". The
operations on Fr(X) and the S-sorted function X — U(Fr(X)) are defined in the obvious
way. The fact that this S-sorted function is the reflection of X along U can be deduced
easily from the definitions. We thus have an adjunction Fr 4 U.

3.2 Regular Mal’tsev finitary essentially algebraic categories

For a small finitely complete category C, Lex(C, Set) is a regular category if and only if C
is weakly coregular |10]. Moreover, in |13], the authors describe the categories C for which
Lex(C, Set) is a regular Mal’tsev category. On the other hand, the categories of the form
Mod(T') for a finitary I' can equivalently be written as Lex(C, Set) for some small finitely
complete category C. This category C can be chosen (up to equivalence) as the dual of
the full subcategory of finitely presentable objects in Mod(I") [12]. However, those objects
are hard to describe in general and it is not easy to derive a direct characterisation of
those I'’s for which Mod(T") is regular or regular Mal’tsev from the previous ones. In this
subsection we give a direct characterisation of those finitary essentially algebraic theories
whose categories of models are regular, and separately, those whose categories of models
are Mal'tsev categories. The more general case of a (non necessarily finitary) essentially
algebraic theory is similar and appears in [15].

We start by describing a (strong epi, mono)-factorisation system in Mod(I"), for an ar-
bitrary finitary essentially algebraic theory I' (by a (strong epi, mono)-factorisation system
we mean a factorisation system (€, M) where & is the class of all strong epimorphisms and
M is the class of all monomorphisms). Let f: A — B be a homomorphism of I-models.
By abuse of notation, we will often write f(a) instead of fs(a) for s € S and a € A5. We
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consider the submodel I of B such that, for all s € S,

Is ={7(f(a1),..., f(an)) |a; € As, and T: Hsi — s is a finitary term of ¥ which
i=1
is defined in B on (f(a1),..., f(an))}

We can thus view I as the smallest submodel of B for which fs(a) € I, for all s € S and
a € Ag. This means that the corestriction p: A — I of f to I is a strong epimorphism and
f factors as f = ip with i the inclusion I < B. As usual, we will refer to I = Im(f) as
the image of f.

Before being able to describe those I'’s for which Mod(T") is regular, we need the
following lemma.

Lemma 3.2. Let I be a finitary essentially algebraic theory and 6: [[;" | s; — s a finitary
term of T'. If (a; € Asi)ie{l,...,n} are elements of a I'-model A, we can find a strong
epimorphism ¢: A — B in Mod(I") such that 0(q(a1),...,q(ay)) is defined and if f: A —
C' is a homomorphism such that 6(f(a1),..., f(ay,)) is defined, then f factors uniquely
through q.

Proof. We are going to prove this lemma by induction on the number of steps used in
the construction of the term 6. If 6 is a projection (or any everywhere-defined term), 14
is the homomorphism we are looking for. Now, suppose 8 uses the operation symbols or
projections o1,...,0m € ZU{pr: [[i=; si = sk |1 < k < n} asfirst step of its construction.
Thus, 6 can be written as

O(x1,. .. xn) =0 (01(x1, -, T0)s s Om(T1, oy T0))

where 0’ uses less steps than 0 to be constructed. Let R be the smallest submodel of A x A
which contains (x(a1,...,an), X (a1,...,a,)) for all equations (x,x’) € Def(c;) and all j
such that o; € X \ ;. Let g1 be the coequaliser of 7 and 7o

LI Q1
T2

where r; = p;r with r the inclusion R < A x A and p; and ps the projections. Thus, in
By, all 6j(q1(a1),...,qi(an)) are defined. Now, we use the induction hypothesis on ¢’ to
build a universal strong epimorphism ¢o: By — B such that

0’ (q2(01(q1(ar), - q1(an)))s - - s q2(om(qi(ar), . .., q1(an))))

= 0'(o1(@q(ar), .-, @2q1(an)); - - -, om(@2q1(a1), - - -, g2q1(an)))

= 0(g2q1(a1), - - -, q2q1(an))
is defined. Let us prove that goq is the strong epimorphism we are looking for. Let
f: A — C be a homomorphism such that 6(f(a1),..., f(an)) is defined. Since the kernel
pair R[f] of f contains (x(a1,...,an), X' (a1,...,ay)) for all equations (x,x’) € Def(o;)
and all j such that o; € ¥\ £, we have R C R[f]| and fri = fry. Therefore, f factors
through ¢, as f = gq1. Finally, g factors through ¢o since

0(f(a1), ..., f(an))
=0(9q1(a1), - -, 9q1(an))
=0'(o1(9q1(a1), - -, 9q1(an)), - -, om(gqi(ar), . .., gqi(an)))
=0'(g(o1(qi(ar), -, q1(an))), -+, g(om(q(ar); - - - qi(an))))
is defined. O
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We are now able to describe regular finitary essentially algebraic categories.

Proposition 3.3. Let I" be a finitary essentially algebraic theory. Then Mod(I') is a
regular category if and only if, for each finitary term 6: [[';s; — s of I, there exists
in I

m
s

e a finitary term m: HFI f

— s,
e for each 1 < j < m, an everywhere-defined term o;: s — sg- and

o for each 1 < j < m, an everywhere-defined term p;: [[L, s; — 8]

such that
o w(ay(z),...,am(z)) is everywhere-defined,
e w(ay(z),...,am(z)) =z is a theorem of T
o a;j(0(z1,...,2pn)) = pj(x1,...,2,) is a theorem of I" for each 1 < j < m.

Proof. Since Mod(I") is complete and has a (strong epi, mono)-factorisation system, it is
regular if and only if strong epimorphisms are pullback stable (see e.g. Proposition 2.2.2
in the second volume of [4]). So, let us suppose that the condition in the statement holds
in I" and consider a pullback square

P-2.p

_
f'i f
A—p»C’

in Mod(T") with p a strong epimorphism. We have to prove that Im(p’) = B. So, let b € Bs
for some s € S. Since p is a strong epimorphism, there exists a finitary term 6: [, s; — s
of ¥ and elements a; € A, for each 1 < i < n such that 6(p(a1),...,p(ay)) is defined and
is equal to f(b). Let the terms 7, o;’s and p;’s be given by the assumption for this 6. For
each j € {1,...,m},

f(aj(b)) = a;(f(b)) = a;(6(p(ar), .. ., p(an)))
= pj(p(ar)s - . p(an)) = p(pj(ar; ... an))

since o and p; are everywhere-defined. But small limits in Mod(I") are computed in each
sort as in Set. Hence, d; = (p;(a1,...,an), (b)) € Psg. with

b= 7T(C"l(b)ﬂ cee 7am(b)) = 7T<p/(d1)a cee 7p/(dm>)'

Therefore, b € Im(p')s and p’ is a strong epimorphism.

Conversely, let us suppose that Mod(T') is regular and let 6: [["; s; — s be a finitary
term of 3. Let X be the S-sorted set which contains exactly, for each i € {1,...,n}, an
element x; of sort s; and Y the S-sorted set which contains exactly one element y of sort s.
We consider also the strong epimorphism ¢: Fr(X) — B given by Lemma 3.2, for the term
0 and the elements z; € Fr(X)s,. Thus 6(¢(z1),...,q(zy)) is defined. Let f: Fr(Y) — B
be the unique map such that f(y) = 0(q(z1),...,q(zy)) and consider the pullback of ¢

along f.
P

P Fr(Y)
|
f
Fr(X) B

q
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Since Mod(I") is regular, p is also a strong epimorphism. So, y € Im(p)s which means, using
the descriptions of P, Fr(X) and Fr(Y), that there exist finitary terms m: J[7"; s} — s,
aj: s — s and py: [[iy si — s for each 1 < j < m such that the ay’s and p;’s are

everywhere-defined, the equalities

Yy = 7T(p(/i1($1, s vxn)? Oél(y)), s 7p(lu’m(x17 s 7xn)v am(y)))
=m(a(y), -, am(y))

hold and, for each j € {1,...,m},

(2)

:uj(q(xl)7 s Q(xn)) = Q(,Uj($1 -

= ay(
= a;j(0(g(z1), - -, q(2n)))-
Equalities (2) mean that m(ai(x),...,am(x)) is everywhere-defined and
r(ea(z),...,om(z)) = 2

is a theorem of I'. With the universal properties of Fr(X) and ¢, equalities (3) mean
that a;(6(a1,...,an)) = pj(ai,...,a,) holds in any I'model as soon as #(ai,...,a,) is
defined. O

We characterise now those I'’s for which Mod(T") is a Mal’tsev category. This theorem
can be seen as a generalisation of Mal’tsev’s Theorem 2.5.

Theorem 3.4. Let I" be a finitary essentially algebraic theory. Then Mod(I") is a Mal’tsev
category if and only if, for each sort s € S, there exists in I' a term p*: s® — s such that

e p’(z,x,y) and p°(z,y,y) are everywhere-defined and
e p’(z,z,y) =y and p*(z,y,y) = x are theorems of I'.

Proof. Since finite limits in Mod(I") are computed in each sort as in Set, a relation R —
A x B in Mod(I") can be seen as a submodel of A x B and it is difunctional exactly when,
for each sort s € S, Ry C A; x By is difunctional as a relation in Set.

Suppose first that such terms are given. Let R C A x B be a binary relation in
Mod(T'), s € S, a,a’ € As and b,b' € By such that (a,b), (a,b') and (a/,b') are in Rs.
Since p*(a,a,a’) € As and p*(b, V', V) € By are defined, so is p*((a,b), (a,b'), (a’,V')) in the
product A x B. Thus,

(a',0) = (p(a, a,d),p"(0,V,)) = p*((a,}), (a, "), (d,V)) € Rq

and R is difunctional.

Conversely, let us suppose that Mod(T") is a Mal’tsev category. Let s € S be a sort and
X the S-sorted set such that X = {z,y} and Xy = @ for s’ # s. We denote by R the
smallest homomorphic binary relation on Fr(X) which contains (z, z), (z,y) and (y,y). It
is easy to prove that this submodel of Fr(X) x Fr(X) is actually given by

3

Ry ={(7(z,z,y),7(x,y,y)) | 7: s> = & is a term and

T(z,z,y) and 7(x,y,y) are everywhere-defined terms}

for all s € S. Since Mod(T") is supposed to be a Mal’tsev category, R is difunctional and
(y,x) € Rs. This gives the expected term p®. O
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3.3 A finitary essentially algebraic regular Mal’tsev category

In this subsection we are going to construct a finitary essentially algebraic theory I'yiy for
which Mod(T'\a)) is a regular Mal’tsev category. This category of models is the one we
need for our embedding theorem.

Firstly, if I' and I are two finitary essentially algebraic theories, we will write I' C I”
tomean SC S L CY ECFE, % CY, ¥\ CX\ Y and Def(c) = Def’(0) for all
o € ¥\ X;. In this case, we have a forgetful functor U: Mod(I') — Mod(T").

We are going to construct recursively a series of finitary essentially algebraic theories

We define T? as S = {x} and X° = ¥ = E° = . Thus Mod(I'’) = Set. Now, suppose
we have defined

with T = (8™, X" E™ X Def™). We are going to construct
t
An—i—l _ (S,R—H, E’n—l—l’ E,TH_I, E;nJrl’ Def’n+1)

first (below, S~ = @):

S = 8" U{(5,0),(s,1) [s € ST\ S = S L(S"\ ST L (ST ST,

E;"H =x"U{a’: s — (5,0)|s € S™\ S 1}
U{p®: s = (5,0)|s € S\ S" '}
U{n®e®: (5,0) = (s,1)|s € 5"\ S" '},

Rl sr Rt U (5,0) = s|s € 7\ S71Y,

E™ = B"U{p*(2,y,y) = a’(x) | s € S"\ S"}
U{p*(z,2,y) =a’(y) | s € S*\ S"'}
=c*(a’(z))|s € 5™\ S"1}

U {n*(a®(x))
U {m*(a’(2))
()

s r|seSm\S"1
U {a®(n*(z

zlse S\ Sy,

Def "*1(g) = Def™(0) if 0 € X"\ £
Def "t (%) = {n(z) = e5(z)} for s € 5™\ §" L.

This gives I'™ C AL

Now let 7! be the set of finitary terms 6: [[7", s; — s of ¥ which are not terms
of ¥ (where we consider ¥'0 = &). We then define I'"*! as:
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S = ST U {sg, 5|0 € Ty = T A g T,

m
DIAREIES Z‘;”H U{ag: s — sg|0: Hsi —se Tty
i=1

m m

U {pg: Hsi — 59| 0: Hsi —se T}
i=1 i=1

U {ng,c0: 59 — sy |6 € T},

m
yrtl — y'ntl YU {mg: s — 5|0 Hsi —se T,
=1

B = B U (ng(ap(x)) = eglag()) |6 € T}
U {mp(ap(x)) =z |0 € T"}
U{ag(mp(z)) = 2|0 € T}

U{ag(0(z1,...,2m)) = po(z1,...,zm)|0: Hsi — s €T,
i=1

Def"!(0) = Def "1(0) if o € X7+ \ 1,2
Def" ™ (mg) = {ng(x) = g(z)} for § € T"*1.

m ) 7o
T2, si == spg —= s
1=
1= . Tee 0

We have constructed AT C I+ and this completes the recursive definition of
Mcatcrtc...

Let I'yiap be the union of these finitary essentially algebraic theories. By that we ob-
Viously mean SMal = Un>0 Sn, EMal = Un>0 En, EMal = Un>0 En, Et,Mal = Un>0 E?
and Defyai(o) = Def”(0) for all n > 0 and all 0 € ¥\ ¥7. Remark that, for each
m: 8" — s € Xypal \ Xi Mal, there are three corresponding operation symbols in 3y ya1, these
are a: s — s and n,e: s’ — 5.

Proposition 3.5. Mod(I'\a1) is a regular Mal’tsev category.

Proof. The ‘A ingredient’ of the construction of Iy, ensures that Mod(I'ya) is a Mal’tsev
category. Indeed, the terms 7° o p*: s3> — s satisfy the conditions of Theorem 3.4.

On the other hand, the ‘T" part’ of I'\jy makes Mod(I'\a1) a regular category since
each finitary term 6 of Yy is in 77t for some n > 0, which makes the conditions of
Proposition 3.3 hold. 0l
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4 The embedding theorem

The aim of this section is to prove that, for each small regular Mal’tsev category C, there
exists a faithful embedding ¢: C — Mod(T'ya1)S™(M) which preserves and reflects finite
limits, isomorphisms and regular epimorphisms. In order to do this, we still need to
recall /prove some other propositions about the embedding C — Lex(C, Set)°P.

4.1 The embedding C — Lex(C, Set)°P

Let us now turn our attention to the Yoneda embedding i: C < Lex(C, Set)°P = C for
a small category C with finite limits. Due to this embedding, we will treat C as a full
subcategory of C. Firstly, let us recall the following theorems.

Theorem 4.1. [12| Let C be a small finitely complete category. The following statements
hold.

1. Cis complete and cocomplete.
2. In ((NZ, cofiltered limits commute with limits and finite colimits.
3. The embedding i: C — C preserves all colimits and finite limits.

4. For all A e C, (4, (€)(c,e)e(Als)) 18 the cofiltered limit of the functor

(Ali)—C
c: A—i(C) —i(C).

5. i: C = C is the free cofiltered limit completion of C.

For precise definitions of cofiltered limits and their commutativity with limits and finite
colimits, we refer the reader to Sections 2.12 and 2.13 of the first volume of [4].
We recall that P € C is regular C-projective (abbreviated here by C-projective) if, for
any diagram
P
lg

!
C*»f C

where C,C’ € C and f is a regular epimorphism, there exists a morphism h: P — C such
that fh = g. By the Yoneda lemma, if we consider P as a finite limit preserving functor
C — Set, morphisms P — C’ in C are in 1-1 correspondence with elements of P(C").
Thus, P € C is C-projective if and only if P: C — Set preserves regular epimorphisms.

Theorem 4.2. (Theorems 2.2 and 2.7 in [3]) Let C be a small regular category. Then C
is regular and each object X € C admits a C-projective cover, i.e., a regular epimorphism
ex: X — X where X is C-projective.

We now prove that the regular Mal’tsev property is also ‘preserved’ by the embedding
i: C— C.

Proposition 4.3. Let C be a small regular Mal’tsev category. Then C is also a regular
Mal’tsev category.
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Proof. By Theorem 4.2, we already know that C is regular. We are going to prove that C
is a Mal’tsev category using Theorem 2.4.4. So, let

G—=X
NC/
s

be a reflexive graph in C. By Lemma 5.1 in [18], it is a cofiltered limit of reflexive graphs
in C.

Since limits commute with limits, the pullback of (d,c) along (c,d) is the limit of the
corresponding pullbacks arising from the reflexive graphs in C.

P G
(dyc)
p
G X x X
\2 (c,d)
0 )\3
A
A?x A9
P ——|——G;
(diyeq)
Di
Gi Xz' X XL

(ci,ds)
Similarly, the kernel pair of p is the cofiltered limit of the kernel pairs of the p;’s.

R—=P - r.@G

Ti
Ri—= P —>Gi
S; (2

Since C is a Mal’tsev category, the p;’s are regular epimorphisms, and so coequalisers of r;
and s;. By Theorem 4.1, cofiltered limits commute with coequalisers in C. Thus, p, which
is the limit of the coequalisers of the 7;’s and s;’s, is the coequaliser of their limits r and
s. Therefore p is a regular epimorphism and C is a regular Mal’tsev category. O

Note that this preservation property of the embedding C — C can be generalised to a
wide range of properties, see [15, 16].
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4.2 Proof of the embedding theorem

We are now able to prove our main theorem.

Theorem 4.4. Let C be a small regular Mal’tsev category and Sub(1) the set of subobjects
of its terminal object 1. Then, there exists a faithful embedding ¢: C < Mod(I'ypay)S*P™M)
which preserves and reflects finite limits, isomorphisms and regular epimorphisms. More-
over, for each morphism f: C' — C" in C, each I € Sub(1) and each s € Sy,

(Im &(f)1)s = {(@(f)1)s(x) |z € (¢(C)1)s}-

Proof. We know that Cisa regular Mal’tsev category (Proposition 4.3). Tn what follows,
we will denote by X the C-projective covering of X € C given by Theorem 4.2. If C' € C
and P € Sub(1), we are going to construct ¢(C)p € Mod(I'\ia1). More precisely, we are
going to construct a I'yiy-model ¢(C)p satisfying the following conditions:

1. For each s € Sy, (0(C)p)s = (E‘(Pg, () for some C-projective object Ps € C.

2. For each m: s — s € Tya1 \ >t Mal and its corresponding a: s — s', there is a given
regular epimorphism [, : Py — P in C such that

a: C(P,,C) = C(Py,C)
= fla

and

7: C(Py,C) = C(P,, C)
g — the unique f such that fl, =g

where 7 is defined if and only if such an f exists. For the corresponding n,e: s — s”,
we consider the kernel pair (v, w) of l,.

5 €R v la
R R—"sp, o p,
w

We require then Py = ﬁ,

n: @(PS/,C) — @(PS//,C)

g — guegr
and

e: C(Py,C) — C(Py, C)
g +— gweRr.

3. For each sort s € Syal, we consider the universal approximate Mal’tsev co-operation

(pPS,aPS) on Py
— ) Ps
M(P) M2 vpy) 2 3P,
- L L
i)
P, 2P;)?
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P

where a’* is a regular epimorphism by Theorem 2.6. We require then P, gy = M (F)

and
ps: @(Psa C)S - @(P(8,0)7 C)
f
(fi9,h) — (g) P en(py-

4. For each finitary term 6: H:il s; — s of Yjal, there is a given morphism [, : Py, —
Py, +--- 4 P, such that

pg: C(Ps,,C) x -+~ x C(P,,,,C) = C(Ps,,C)

Sm )

J1
(fl?"'af’m)’_> ( )lue-
fm

McAlcrtc...

Since I'ypa is the union of the series

of essentially algebraic theories, to construct a I'yjy-model ¢(C) p, it is enough to construct
recursively a I"*-model for each n > 0 such that they agree on the common sorts and
operations. Firstly, to define a I'’-model, we set P, to be the coproduct of the C”’s for all
C’ € C such that the image of the unique morphism C’ — 1 is P € Sub(1). This object
P, is C-projective since it is the coproduct of C-projective objects.

Now, we suppose we have defined a I'"-model satisfying the above conditions. We are
going to extend it to a I'™T!'-model with the same properties. Firstly, we extend it to a
A"l model. Let s € ™\ S"~!. Condition 3 above imposes the constructions of Ps0)
and p®. Moreover, condition 2 with l,s = aPSeM(pS) from condition 3 defines o®, 7°, P, 1),
n® and €°. It follows then from the definitions that this indeed gives a A"*!-model which
satisfies conditions 1-4.

It remains to extend it to a I *l-model. In order to simplify the proof, we are going
to construct Py,, I, and ly, for each finitary term 6: [[7", s; — s of ¥ such that it
matches the previous construction if 6 is actually a term of ™. Then, condition 2 will
define oy, my, Ps;; 19 and egy, while condition 4 imposes the definition of py. We are going
to do it recursively in such a way that the equality

ag(O(f1,- -5 fm)) = po(fr, -5 fm)

holds for any cospan (fi: Ps; — C)icqi,... ,my such that 0(f1,..., f) is defined.

Firstly, let 0 = p;: [[;~,;si — s; be a projection (1 < j < m). In this case, we
define Ps, = Ps;, Iy = tj: Ps; — Ps; + -+ + Ps,, the coproduct injection and lo, = ].psj.
Obviously, one has

f1
ag(O(fr,-.- s fm)) = fi = ( : )éj—ua(fl,---,fm)
fm

for any cospan (fi: Ps; = C)icq1,....m}-
Secondly, let : [[;", s; — s’ be a finitary term of ¥+ for which lu, and I, have
been constructed. If m: s’ — s € ¥\ Z;”H has corresponding a: s — s', we define
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PSﬂ—(G) — Psg) laW(Q) = lalag and l“ﬂ'(e) = l/‘LG'
Ly o=y
7(0) 0
PSTI’(Q) :PSG P31+”'+Psm
l
()
ZQQL \
PS/ PS

o

If the cospan (f;: Ps;, = C)icqu,.. my is such that 0(f1,..., fm): Py — C is defined, we
know from the previous step in the recursion that

e(flv .. ‘7fm)l019 = a@(a(fla ce. 7fm)) = Mﬁ(fla cee afm)

If moreover w(0(f1,..., fm)): Ps — C is defined, we have

T O(f1, s fm))la = O0(f1,- -y fm)-

In this case,

(o) (T(O(f1, -5 fm)) = T(OCf1, - fn)la)
=7m(0(f1,- - fm))lala,
- e(fla .- -7fm)lae
= po(f1,---s fm)
= tiro)(f1, -5 fm)-

Eventually, let us suppose that o: [[;_;s; — s € E;”‘H is an operation symbol and,

for each 1 < j <, 0;: [[;Z; si — s is a finitary term of ¥'7*1 for which lue]. and lagj
have been defined. We already have a corresponding morphism I,: Ps — Py +---+ Ps‘;
such that

0: C(Py,,C) x -+ x C(Py,,C) = C(P,, C)

fi
(fl?“’?fT‘)H<E>l0"
fr

Let us consider the following diagram where the square is a pullback.

g,
L,

u1l

psezﬁﬂ»UHPSQNL...JFPSGT P+ +P,,
_
uzl Lla91+m+lo‘9r

Denoting the term o (61,...,60,): [[;~, si = s by 0, we define P, = (7, la, = ugey and

lug,
Iy, = : uiey.

lug,
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Then, if the cospan (fi: Ps; = C)iequ,...my is such that 0;(f1,..., fm): Ps;_ — (' is defined

forall1<j<r,
ae(e(fla"'>fM)): 91 fla"'afm '-aer‘(fly"'afm))lae

77777

fl’ 7fm
Oé@l +- locgr)uleU
f17 :fm

ag, 91(f17 ofm))
uirey
ag

r 9 (fh 7f7n)
Hel(fL ,fm)>
= ulrey
uer(fL 2fm)
l“91
= < > .| uwier
Im Ly,
= Mg fly"-yfm)

using the previous steps in the recursion.

We have thus defined a I'"™*!-model which satisfies conditions 1-4. This concludes the
recursive construction of our I'-model for each n > 0. Considering them all together, we
get a I'ypa-model ¢(C) p.

Now, if f: C — C’ € C and P € Sub(1), we define a morphism ¢(f)p: ¢(C)p —
¢(C")p by

((f)p)s: @(Psa C) — @(P& ')
g9

for all s € Sya. By conditions 2-4, ¢(f)p is a I'ya-homomorphism. This defines the
expected functor ¢: C — Mod(FMal)Sub(l). Let us now check that it satisfies all the
required properties.

Since finite limits in Mod(I'ya)5"P™M) are computed componentwise, to prove that ¢
preserves them, we only need to prove that ¢(—)p: C — Mod(I'\1a1) preserves finite limits
for each P € Sub(1). Furthermore, since they are computed in each sort as in Set, we
only need to check that (¢(—)p)s: C — Set preserves finite limits for all P € Sub(1) and
all s € Syval. But, by the Yoneda lemma, (¢(—)p)s is isomorphic to Ps: C — Set which
preserves finite limits by definition. Therefore, ¢ preserves them as well.

Now, suppose that f: C — C’ € Cis such that (¢(f)p)s is surjective for all P € Sub(1)
and all s € Sya. Let

Cl $ IH 1
be the image factorisation of the unique morphism C’ — 1. We recall that I, = Hé\"’

where the coproduct runs through all C” such that the image of C” — 1 is I. For each
such C”, there exists a morphism g making the diagram

€cl/

O =S "

]

C/T>>I>—>1
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commutative since C” is C-projective. We choose gor = ecr and consider the induced
morphism ¢: I, — C’ which is a regular epimorphism since gl = gcv 8. But we have
supposed that fo—: C(I,,C) — C(I,,C") is surjective. So, there is a morphism h: I, — C
such that fh = g, which implies that f is also a regular epimorphism. Moreover, since
each Ps is C-projective, this means that f is a regular epimorphism if and only if (¢(f)p)s
is surjective for all P € Sub(1l) and all s € Sya. In particular, ¢ preserves regular
epimorphisms.

Now, let f, f': C — C’ be two morphisms of C such that (¢(f)p)s = (¢(f')p)s for
all P € Sub(1) and all s € Sy Let e: E — C be their equaliser. Since ¢ preserves
equalisers, (¢(e)p)s is a bijection for all P € Sub(1) and all s € Syra. Hence, e is a regular
epimorphism and f = f’. This shows that ¢ is faithful.

Let f: C — D € C be such that (¢(f)p)s is injective for all P € Sub(1) and all
s € Smal. We want to prove that f is a monomorphism. So, suppose h,k: C' — C € C are
such that fh = fk. Let g I, — C' be the regular epimorphism defined as above. Thus,
fhg = fkg. Since fo—: C(l,,C) — (C(I*, D) is injective, we know that hg = kg. Hence
h=Fkand fis a monomorphlsm since g is a regular epimorphism. Therefore, ¢ reflects
isomorphisms, finite limits and regular epimorphisms.

It remains to check that, for f: C — C’ € C, P € Sub(1) and s € Sya,

(Im ¢(f)p)s = {(¢(f)p)s(x) |z € (#(C)p)s}-

Consider 7: 8" — s € Xpjal \ Xy Mal and z € @(PS/, C) such that 7((¢(f)p)s (x)) is defined.
So, there exists g: Ps — C’ making the square

Py —"=C

d]

P,— =

commute (with a: s — s’ corresponding to 7). Let f = iq be the image factorisation of f.
Since I, is a regular epimorphism, there exists ¢': Ps — Im(f) such that ig’ = g. Since Ps
is C-projective, there exists a morphism y: P; — C such that qy = ¢’. Thus, fy = g and
(o(f)p)s(y) = g = 7((¢(f)p)s (). Therefore, in view of the description of the images
in categories of I'-models on page 7 for any finitary essentially algebraic theory I', this
concludes the proof. O

5 Applications

Analogously to the metatheorems of 5], our embedding theorem gives a way to prove some
statements in regular Mal’tsev categories in an ‘essentially algebraic way’ as follows.

Consider a statement P of the form 1) = w where ¥ and w are conjunctions of properties
which can be expressed as

1. some finite diagram is commutative,

2. some finite diagram is a limit diagram,

3. some morphism is a monomorphism,

4. some morphism is a regular epimorphism,

5. some morphism is an isomorphism,
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6. some morphism factors through a given monomorphism.

Then, this statement P is valid in all regular Mal’tsev V-categories (for all universes V) if
and only if it is valid in Mod(I"ya)) (for all universes). Indeed, in view of Proposition 3.5,
the ‘only if part’ is obvious. Conversely, if C is a regular Mal’tsev category, we can consider
it is small up to a change of universe. Then, by Theorem 4.4, it suffices to prove P in
Mod(FMal)S“b(l). Since every part of the statement P is ‘componentwise’, it is enough to
prove it in Mod(I'ya)).

At a first glance, one could think this technique will be hard to use in practice, in
view of the difficult definition of Mod(I'yia). However, due to the additional property in
our Theorem 4.4, we can suppose that the homomorphisms f: A — B considered in the
statement P have an easy description of their images, i.e.,

(Im f)s = {fs(a) | a € As}

for all s € Sypar- In particular, if f is a regular epimorphism, fs will be a surjective function
for all s € Sym. Therefore, in practice, it seems we will never have to use the operations
ag, [g, Mo, €9 and my. They were built only to make Mod(I'ya1) a regular category.

We illustrate now how to use the embedding theorem to prove a result in a regular
Mal’tsev category using an (essentially) algebraic argument. We refer the reader to |5] for
a definition of the category Pt(C) of points of C.

Lemma 5.1. (Proposition 4.1 in [6]) Let C be a regular Mal’tsev category. Consider a
commutative square in the category Pt(C) of points of C. This yields a cube where the
vertical morphisms are split epimorphisms with a given section. Suppose that the left and
right faces of this cube are pullbacks and p and ¢ are regular epimorphisms.

t

XXyZ UXVW
\Z . J \W
T P U k|| &

-
Then, the comparison map t is also a regular epimorphism.

Proof. Tt is enough to prove this lemma in Mod(T'yj,1) supposing that p and g are surjective
in each sort. So, let s € Sypal, u € Us and w € Wy be such that h(u) = k(w) and let us
prove (u,w) € Im(t)s. Since p and ¢ are surjective, we can find x € X and 2z € Z;
such that p(r) = v and q(2) = w. Let 2’ = p°(¢'f(2),9'9(2),2) € Z5). Since g(2') =
P (F(2),9(2),9(2) = @*(f(x)) = f(a*(2)), we can consider (a*(x),2') € (X xy Z)(s0).
Moreover, since

|
Q
~
S

we know that t(a®(x),2’) = (p(a®(2)),q(7)) = (a®(u), a®(w)) = a*(u,w). Therefore, we
have (u,w) = 7%(a®(u,w)) = 7 (t(a®(z), 2’)) € Im(t)s. O
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